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Abstract

In this paper, the relationship between Legendre polynomials and some special
cases of the 3-parameter Mittag-Leffler function is discussed. The generalization of
the relationship between 3-parameter Mittag-Leffler function and Legendre

polynomials Pn(x) also 1s discussed by using some properties of Legendre
polynomials.

Keywords

Three-parameter Mittag-Leffler function, Legendre Polynomials, Fractional Calculus
1- Introduction

Legendre Polynomials were introduced by Adrien Marie Legendre in 1782 [1],
these polynomials have many properties; the most important property of Legendre
polynomials is orthogonality of these polynomials. Legendre polynomials have
many physical applications and Legendre differential equation is a very important

ordinary differential equation in engineering and physics [2].
2- The problem and objective:

Many researchers have studied Legendre polynomials and their applications in

many fields. This study aims to determine the relationship between Legendre
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polynomials and fractional calculus and some special cases of Mittag-Leffler

functions.
3- The hypothesis:

This paper hypothesizes that there are strong relationships between 3-parameter

Mittag-Leffler function and Legendre polynomials.
Legendre polynomials:

Legendre polynomial Pn(x) 1s written as

k r n—2r
_ 1 (=1) (2n—2r)!x
Pn(x) g TEO ri(n—2r)!(n—r)! (1)

n . . n—1 . .
k = [7, if n isanevennumber — if nisanoddnumber

We have another representation of Legendre polynomial Pn(x) called Rodrigues
formula, it 1s written as

n n

P@= S— < [x - 1] 3

2"nl dx

Recursive formulas of Legendre polynomials are

D(n+ 1) Pn+1(x) - 2n+ 1) x Pn(x) + n Pn_l(x) =0 4)

2) P @)- xP\ @)=+ 1P ) (5)
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We can prove previous formulas from equation (1).

We have a strong relation between Legendre polynomials and fractional calculus,

especially the 3-parameter Mittag-Leffler function.

This paper is structured as follows: Section 2 represents the 3-parameter
Mittag-Leffler function and some special cases and discusses the relationship
between these cases and some Legendre polynomials. In section 3 we will show
how to generalize representation of Legendre polynomials as functions of some

special cases of 3-parameter Mittag-Leffler function.
Some Special cases of 3-parameter Mittag-Leffler Function:

Gustaf Mittag-Leffler introduced the Mittag-Leffler functions in the beginning of

twentieth century [3-18]. The basic Mittag-Leftler function is written as

[00]

E = EO F(fiaj) (6)

if a = 1, we get the expansion of exponential function

[0¢]

_ Yy _
EO= 2 =
j=0

B )

J!

DM s

We have another types of Mittag-Leffler functions, and second type in 2-parameter

Mittag-Leffler function is written as
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[0¢]

E )= Eo m;iaj) (8)

if B = 1, we get the basic Mittag-Leffler function.

Third type of Mittag-Leffler functions is 3-parameter Mittag-Leftler function, it is

written as

Foo)= Ty 9
J)

o,f o JITOOT(B+ay)
if y = 1, we get 2-parameter Mittag-Leffler function

iy

e ras)y
o) = ZO JIT(OIB+e) & JT(B+og)

DM s

[(0¢]

Z (B+‘cx]) - Ea,B(y) (10)

We can find more special cases of 3-parameter Mittag-Leffler function, we can let

a=—2,B=3 andy = _73 in equation (9), we get

o 2 r(EH)o
BT 00)= j§0 jtr(5) rG-2) 1D

: 2
if y= x ,we get
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J

E_23—2,3(x2)= ; F(iﬂ)(z)

2o j'F( )r(3 2)

(G @), (EA)E)

= +0+0+ ..

o'r( )r(3 2(0)) 1'r( )r(3 2(1))

1 +_TSF(_T3)XZ_ 1 3 x

r(3) F(_T3) ray 2! 2 0!
1 3 2
= 7— T'X (12)

We can substitute n = 2 in equation(1), we get
l
2—2r

L (-1 (2(2)—2r)!x
P,(x)= 7 ; F1(2—2r)1(2—1)!

_ (—1f(4—2an)!x}2w’_+ D' (4—2))1 Y
= T4 01(2-2(0))!(2—0)! 4 11(2—2(1)!(2—1)!
alx’ 2t _ax3xexl xt 2xl
4 2121 4 0! 1!~ 4 x2x1x 2x1 4
3 2 1
= X - 5 (13)

Also we can substitute n = 2 in equation(3), we get the same result in equation

(13)

2 2
Pz(x)= 2212! ddxz [xz— 1] = %%[ébc(xz— 1)]
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= T(124" - 4)= 24— & (14)

From (12) and (13) or (12) and (14) , we get

-3

P(x)=—E" , () (15)

-1

Similarly, we can find the relationship between Pl(x) and ET_2 1(x), by putting

a=—2,=1andy = —71 in equation(9), we get

— 2 ()
E _2’1(x) - j§0 jir(5) ra-2))

r(5+0) '’
0! r(‘Tl) r(1-2(0))

+0+0+ ..

Now, by substituting n = 1 in equation(1), we get

1-1

2 r 1-2
_ 1 ¢ =D @-2r)x
Pl(x) Y Eo ri(1-2r)!(1-7)!

r

_ (=D’ (2=200))1x Y

2 0(1—200)!(1=0)! 2 (17)
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Also we can substitute n = 1 in equation (3), we get the same result in equation

(17)

P (x) = 2111! [ —1] L x2x = x (18)

From (16) and (17) or (16) and (18) , we get

-1

P.(x)=x ET_le(x) (19)

By putting n = 0 in equation(1) , we get

0

2 T
— 1 =D 2O)—=2r)'x
Po(x) Y E r1(0—27)!(0—7)!

0—-2r

D’ O-20) " _
0!(0—2(0))!(0—0)! =1 (20)

Also, we can substitute n = 0 in equation(3), we get

0
P (x)= | =1 (21)
From (16) and (20) or (16) and (21) , we get
P=E*_, () (22)
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Representation of Legendre Polynomials as terms of Some Special

Cases of 3-parameter Mittag-Leffler Function.

In previous section we got the relationship between Po(x) , Pl(x) , Pz(x)

and some special cases of 3-parameter Mittag-Leffler function. Now, we have very
important question “What is the relationship between 3-parameter Mittag-Leffler

function and Pn(x) , VneN in general? “, to answer this question we will discuss
the relationship between Pn(x) , Pn+ 1(x) and Pn_ 1(x) from equation (4) , by

putting = 1, we get
1+1) P1+1(x) - 2+ Dx Pl(x) + (1) P1—1(x) =
2P2(x)— 3xP1(x)+ Po(x)z 0 (23)

From (15) , (19)and (22), the equation (23) becomes

-3 , -1 -1
— 2E° —2,3(x)_ 3x(xE : _2’1(x))+ E* =0 (24)

then

=3 =1

E’ _2’3(x2) = - (1-3x")E" @ (25)

By putting n = 2in (4), we get
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QR+ DP, (- QR+ DxP,@+ )P, ()=
3P (x)— 5xP,(x)+ 2P (x)=0 (26)
then
P)= — 5 (2P,0)— 5xP,(x)) (27)

From (15) , (19) , (22) and (25), the equation (27) becomes

o 1 2\ 2
P()= - %(ZxE L0+ 5x(7(1 - 3x )E _2'1(x)))
1 5 x 15 3\, 2
= - ?(2x+ T T, X )E _2’1(9()
5 3 3x _Tl
= (-5 ), (28)

4- Results and Discussion:

This section generalizes the relationship between 3-parameter Mittag-Leffler

function and Legendre polynomials, we can represent

P = -(@m-1DxP )+ A-mP_ (x)) 21(x) (29)

10
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where Pm_l(x) and Pm_z(x) are functions of x and some special cases of

3-parameter Mittag-Leffler function, we can apply all properties of Legendre

polynomials in these special cases of 3-parameter Mittag-Leffler function
5- Conclusions and future limitations:

The basic objective of this paper was to find the relationship between Legendre

polynomials Pn(x) for all natural numbers and some special cases of 3-parameter

Mittag-Leffler function by using some properties of Legendre polynomials.
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