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Abstract 

The considerable financial situation of the pension systems becomes the 

real problem in the pension fund, especially when we see a financial deficit 

in public pension systems. The financial deficit of public pension systems is 

the difference between the pensions of retirees (expenditures) and the 

contribution income of affiliated companies (revenues). The empirical impact of 

many variables on the pension balance is unexplained because of the complexity 

of the relationship between them and the permanence of the public pension 

system.  Pension systems that have longevity generate better returns and 

revenues. To achieve this longevity, the pension system must make the 

necessary reforms by quantifying the risks. Due to the increase in demographic 
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risk, we focus on longevity risk in the empirical case of the 

Tunisian pension system, since the situation of the financial system 

is visibly deteriorating and reforms are urgently needed for the study. For this 

reason, we used Bayesian regression in R to confirm the strong relationship 

between longevity risk and financial equilibrium. In addition, we measured the 

impact of this risk on the financial equilibrium of the public pension system 

using Bayesian regression and Markov Chain Monte Carlo to determine the best 

solutions for pension system reforms.          

Keywords: Public retirement, longevity risk, financial retirement balance, 

Bayesian regression, Markov Chain Monte Carlo (MCMC).          

 

 الملخص

٠ؼ١ش اٌٛظغ اٌّاٌٟ اٌىث١ش لأٔظّح اٌرماػذ ِشىٍح دم١م١ح فٟ صٕذٚق اٌرماػذ، خاصح ػٕذِا ٔشٜ ػجضًا 

ِا١ٌاً ِسرّشا فٟ أٔظّح اٌرماػذ اٌؼ١ِّٛح، ٚ٘زا اٌؼجض اٌّاٌٟ ٠ّثً اٌفشق ت١ٓ إٌفماخ اٌؼ١ِّٛح ػٍٝ اٌرماػذ 

جشا٠اخ اٌرماػذ، ٚت١ٓ إ٠شاداخ الأٔظّح اٌرماػذ٠ح، اٌّؼرّذج أساسا ػٍٝ ِساّ٘اخ ٚاٌّرّثٍح أساسا فٟ 

اٌّشرشو١ٓ ِٓ الأفشاد ٚإٌّظّاخ اٌؼاِح. إْ الأثش اٌرجش٠ثٟ ٌٍؼذ٠ذ ِٓ اٌّرغ١شاخ ػٍٝ اٌرٛاصْ اٌّاٌٟ 

ماػذ اٌؼاَ. ٌٍرماػذ ٌُ ذرعخ ِؼا١ٌّٗ ٚخفا٠اٖ تؼذ، تسثة غّٛض ٚػذَ ٚظٛح اٌؼلالح ت١ٕٙا ٚٚت١ٓ ٔظاَ اٌر

ٌرذم١ك ٔظاَ ذماػذ ِرٛاصْ ٠ّىٓ الاج١اي اٌمادِح ِٓ اٌرّرغ تالاِر١اصاخ اٌرٟ ػاشٙا اٌّرماػذ٠ٓ اٌساتم١ٓ 

ٚجة اٌثذث ػٍٝ الاسثاب اٌشئ١س١ىح اٌرٟ ذؤدٞ إٌٝ دائ١ّح ٚاسرّشاس٠ح ٘زٖ الأٔظّح فٟ ذذم١ك أ٘ذافٗ 

لاداخ اٌعشٚس٠ح ٚالاساس١ح ٌثؼط اٌّرغ١شاخ تىفاءج ٚفاػا١ٌح. ٌزٌه ذسؼٝ ٔظُ اٌرماػذ إٌٝ إجشاء الإص

اٌٙاِح ٚاٌّؤثشج تشىً وث١ش فٟ اٌـاث١ش ػٍٝ اٌرٛاصٔاخ اٌّا١ٌح. ِٚٓ اُ٘ ٘زٖ اٌّرغثشاخ اٌرٟ ذشىً خطشا 
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وث١شا ٚذٙذ٠ذا ِثاشش ٌّسرمثً ٔظاَ اٌرماػذ اٌؼِّٟٛ ٔجذ ص٠ادج غٛي ػّش اٌّرماػذ٠ٓ ٚ٘ٛ اٌّرغ١ش اٌزٞ 

ٌٍسلاِح اٌّا١ٌح ٌٍرماػذ ٚرٌه تم١اط ِذٜ ذأث١شٖ ػٍٝ اٌراٚاصْ اٌّاٌٟ ثُ ذذذ٠ذ  سا٠ٕاٖ ٠ّثً ذٙذتذا ظ١ّٕا

ِسرٜٛ خطٛسذٗ، ثُ ذذذتذ ذص١ٕفٗ ظّٓ اٌّخاغش ا٢جٍح ف١جة اٌٛلا٠ح ِٕٙا أٚ اٌؼاجٍح فجة اٌرشو١ض 

 ػ١ٍٙا ٌّجاتٙرٙا ظّٓ الأ٠ٌٛٚاخ اٌشئ١س١ح. ٌٚذساسح ٘زا اٌّؼعٍح سٕشوض ػٍٝ خطش اسذماع غٛي اٌؼّش

ٌٍّرماػذ فٟ ٔظاَ اٌرماػذ اٌؼِّٟٛ اٌرٛٔسٟ ، ٔظشًا لأْ ٚظغ إٌظاَ اٌّاٌٟ ِرذ٘ٛس ٠ٚؼأٟ ِٓ ػجض 

ِسرّش ِٚرضا٠ذ تشىً ٚاظخ، ٌزٌه ٕ٘ان داجح ِاسح إٌٝ إصلاداخ اصلاداخ ٚذؼذ٠لاخ ػاجٍح. ٌم١اط 

ي اٌؼّش ٚاٌرٛاصْ ٌرأو١ذ اٌؼلالح اٌم٠ٛح ت١ٓ ِخاغش غٛ R ٘زا اٌخطش، اسرخذِٕا الأذذاس اٌثا٠ضٞ فٟ

اٌّاٌٟ. تالإظافح إٌٝ رٌه ، لّٕا تم١اط اٌؼلالح ت١ٓ خطش اسذفاع غٛي اٌؼّش ػٍٝ اٌرٛاصْ اٌّاٌٟ ٌٕظاَ 

اٌرماػذ اٌؼاَ تاسرخذاَ الأذذاس اٌثا٠ضٞ ٚسٍسٍح ِاسوٛف ِٛٔد واسٌٛٚ ٌرساػذٔا فٟ ذذذ٠ذ أفعً اٌذٍٛي 

 .ٔسٟاٌّسرمث١ٍح لإصلاداخ إٌظاَ اٌؼِّٟٛ ٌٍرماػذ اٌرٛ

اٌىٍّاخ اٌّفراد١ح: اٌرماػذ اٌؼِّٟٛ ، ِخاغش غٛي اٌؼّش ، اٌرٛاصْ اٌّاٌٟ ٌٍرماػذ، الأذذاس اٌثا٠ضٞ ، 

  .(MCMC) ّٔٛرج سٍسٍح ِاسوٛف ِٛٔرٟ واسي

Introduction 

The functional characteristics of the pension structures are related to the monetary 

and social changes that improve the pension system. The symptoms of this 

improvement are the institutionalization of the pension system, the diversity of the 

structures, and the system of generosity financed and directed by the states, which 

can be very important. The enormous and early use of the retirement system and 

the generosity of the system have contributed to the deterioration of the system. 

Therefore, the retirement age should be suspended and contributions raised or the 

generous system reduced. The extensive and early use of pension provisions and 

the generosity of the system have contributed to the deterioration of the financial 
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situation of this system, which suffers from a persistent fiscal deficit. Therefore, 

postponing the retirement age and increasing contributions or reducing benefits 

have become a common element of all proposals to reform the system. This study 

aims at a double dimension, based on the study of the current financial situation of 

the public pension system and the identification of the impact of the longevity risk 

on this financial situation, to be able to develop appropriate solutions and 

implement the necessary reforms. The main question: what is the impact of the 

longevity risk on the financial situation of the public pension system, using the 

dynamic algorithm model that includes the Bayesian regression in R? 

1. Public retirement system 

In the literature, old age is considered negative due to insufficient gains in 

retirement and financial dependence. (Vaughan, E.J., Vaughan, T.M. 2001). The 

undertaking of rapid aging of the population destroys the pension system, 

Mavlutova. I. and Titova. S (2014). Jesús-Adrián Alvarez, and al, (2021), 

confirmed that the demographic and monetary implications of such correlations are 

not clear. In many countries, governments provide sufficient retirement 

income (Roio. Losada, A. Navarro, J. Sanchez, T. Torres (2021)).  fo  na

researchers claim that "the threat of default is looming" (Shoag, and Daniel. 

(2017), for this reason, we diagnosed that retirement variables can affect the 

financial equilibrium. (Novy-Marx and Rauh, 2014) and (Ergungor, 2017), claim 

that the structures of the general public pension harm retirement. Many solutions 

have referred to the intervention of the authorities to prevent the system from 
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escalating. With the current laws, the structure of retirement has reduced the gains 

and durability of the system (Bachrach, 2016). In recent decades, the plans have 

dramatically accelerated the vulnerability of portfolios (Lu, Pritsker, Zlate, 

Anadu, Bohn, 2019). If a current legal obligation is financially sustainable, then 

intergenerational retiree equity fears that it will not be repaid (Jo. Halea, M. 

Bijlsmab, A. Lorenti 2021).We must explain the main types of retirement, which 

have been divided into two main systems represented in the distributive system and 

the formal system, and a third system emerged combining the two systems into one 

system. 

The distributive system is based on the principle of solidarity between generations, 

which through their contributions bear the cost of salaries or capital of pensioners. 

The pay-as-you-go system represents a social contract between the employer, the 

pension provider, the employees, and the pensioners. The social contract can be 

changed in rules, procedures, and laws at any time by the government. 

The capitalized pension system is based on capitalist thinking, i.e., trying to create 

wealth through saving and investment. It depends on the decision-makers in the 

pension organization. In general, the system converts individuals' contributions for 

retirement during their working lives into future savings that are used to meet their 

needs. Pre-arranged funds during retirement are paid in the form of a lump sum, 

which is paid in full upon retirement, or in the form of salary payments to the 

retiree, depending on the amount and duration of contributions. The contributions 
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saved during the working years, and then redistributed on one-time or monthly 

annuities.  

2.1.  The public retirement equilibrium. 

According to (Yuying Li and Peter Forsyth, 2018), a major paradigm shift is taking 

place around the world, away from defined benefit pension plans to defined 

contribution plans. The public and private sectors are willing to take on the risks of 

defined benefit plans. The financial sustainability of the pay-as-you-go system is 

ensured by contributions that are distributed equally between generations and 

within each generation between different income levels and between labor and 

capital income. Therefore, this system achieves the goals of equity and solidarity. 

After retirement, the fund enters the phase of emptying and pays the retirees their 

financial contributions for the rest of their lives (Ian Tonks Xfi, 2006). In this 

context, Boado-Penas et al, 2008 warn that some policymakers and practitioners 

mistakenly consider the fund deficit or surplus as an indicator of financial 

coverage, i.e., there is confusion between the annual liquidity index and the 

sustainability index. According to (Daddio and Whitehouse, 2012), three main 

automatic mechanisms can be considered for adjusting pension values of benefit 

levels, of the contribution rate, of the pension amount. In general, the pension 

system is financially balanced if the result of the participants' contributions is 

succeeded by the total pension benefits. The financial equilibrium depends, on the 

one hand, on the number of participants and pensioners and, on the other hand, on 

the income of the participants and the wage mass of the pensioners. Modern 



 
 

7 
 

demographic forecasts show the need to look for a new source of financing for 

these funds. The financial equilibrium can be achieved by setting new regulatory 

standards to match the calculation of income with expenses and to make a 

continuous assessment of risks, and this is one of the rules adopted by the actuarial 

science of life insurance in general and pension in particular. 

2.2. The Tunisian public pension situation 

In the last few years, the deficit of financial situation of the CNRPS has been 

marked, due to the growing imbalance between the benefits paid to pensioners 

(expenditures) and the contributions of active workers (income) since 2005. 

Statistical data on the financial situation of public pensions, however, typically do 

not distinguish between social pooling and individual consideration, reflecting the 

mixed-use of the system. The analysis of the pension expenses, from 2001, has 

increased at a faster rate than that of its receipts. As a result, it has had a strong 

deficit from 2005. According to the statistical bulletins on the development of the 

national social security fund since 2001, the graph presents the balances of the 

public pension fund (CNRPS) from 2001 to 2017. Financial balances were not 

restored over the last decade, and the current situation has become alarming, 

reaching a deficit of 793,224 MD in 2017. In addition, the annual growth rate of 

expenditure pension has exceeded the growth rate of pension income since 2012. 

According to the policy, the minimum contribution years for employees are 5 years 

and the contribution bases vary by 72% of the average salary. Despite this, in 

practice, there are many outstanding contribution cases, with the lowest 
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contribution rates, so the actual contribution rate is below the policy rate. Life 

expectancy at birth has also improved, rising from 51.1 years in 1966 to 75.1 years 

in 2015 and reaching around 76.9 years in 2030. Retirement years also recorded an 

increase reaching 19 years after retirement in 2014 and probably 19.7 years after 

retirement in 2029. The stability of employment and the duration of contributions 

mainly explain these structural characteristics of the retired population and their 

evolution. However, these high pension rates are not enough to provide 

information on the real standard of living of retirees; to have the first idea of it, it 

would be necessary to have information on the amount of the pensions. In 2017, 

the average pension was 1174 DT, or the annuity of 73% of the salary in the public 

sector. This is probably due to the accumulation of a long career. We notice that 

the average salary and the average pension have been rising continuously from 

2001 until 2017. The average salary has increased from 600D in 2001 to 1600D in 

2017, almost 3 times the reference salary. In addition, the average pension 

increased from 400D in 2001 to 1200D in 2017. 

2.3. The Tunisian public retirement equilibrium  

 The contributions that are collected equals the pension expenses that are paid out. 

These contributions are considered the main source of financial investment to 

cover future obligations. In the case of a mass equilibrium of the pension system, 

the impact of longevity on retirement can only be determined at the level of the 

number of current pensioners after subtracting the deceased pensioners, which is 

the impact of the increase in the mortality rate of gross pensioners. The main 
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question in this paper is the following: How can we determine the impact of 

longevity on the financial situation of retirement?  

We will introduce another balance variable, that takes into account the income and 

expenses for an individual account that takes into account the liabilities during the 

entire period of years of service and the period during all years of retirement. In a 

pay-as-you-go pension system with individual accounts, the Tunisian public 

retirement equilibrium is formulated, when the Income equals Expenses, I=D, so 

we have: S x A x T x ASER = P x R x ARET             (1) 

Where D is the expenditure, R is the number of retirees, and ARET is the number 

of years of retirement, I is the income, S is the average salary of the members 

during this period, T is the contribution rate of the members and the contribution 

rate of the employers, and ASER represents the years of service. In this case, we 

can determine the direct effect of longevity on retirement at the level of the current 

number of retirees after subtracting the deceased retirees and the average duration 

of the years of retirement in which pensions are received, which is the effect of 

increasing the crude mortality rate of retirees. For this reason, we must rely on the 

individual account balance and not forget to refer each time to the mass balance at 

time t to confirm the financial solvency of the Tunisian public pension system. 

2. The longevity risk 

Individual longevity risk (also known as individual longevity risk) refers to 

whether or not a person lives longer than projected. This risk could be linked to 

premature depletion of savings or a misallocation of investments over time 
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(Stallard 2006; Pitacco et al. 2009). Individual longevity risk, which can have 

major negative repercussions for people, poses no threat to pension system 

financial stability. Aggregate longevity risk, also known as trend risk, influences 

the entire population. It refers to the fact that the average life expectancy of a 

certain population will be higher than projected. In other words, it is the danger of 

making inaccurate predictions about future mortality rates. Total longevity risk is 

formed by combining specific and aggregated longevity risks (Blake Burrows 

2001).   

2.1. The longevity risk variable of public retirement 

Longevity risk refers to the possibility that people will live longer than expected. 

However, pension plans are all exposed to longevity risk because they finance 

individuals' retirement and often promise to make payments for their lifetime. The 

amount needed depends on two main factors: the return on the accumulated assets 

and the duration of the payments. Mortality rates must also be assumed in 

determining the expected duration of payments, as payments are usually made until 

the death of the person. The degree to which pension systems are vulnerable to 

longevity risk depends on their structure, and in particular on the method used to 

calculate benefits. An individual or group who lives longer than expected is 

considered a longevity risk. Uncertainty about mortality rates and the potential 

inadequacy of pension benefits arising from underestimated life expectancies stems 

in large part from uncertainty about the course of mortality and the future 

improvement in mortality rates. Studies of population life expectancy validate that 
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lifespan increases over time, depending on gender. It also examines whether the 

mortality tables used by pension funds to assess their liabilities could potentially 

expose them to an expected shortfall in provisions to meet upcoming pension and 

annuity payments. The issue of suitability considers only a combination of level 

risk and trend risk: it examines the appropriateness of an index to determine if it 

accurately represents the underlying mortality of the covered life portfolio. Taking 

into account the size of a pension plan is similar to Bailey's relevance criteria. This 

implies that the volatility of the pension plan's liabilities relative to a specific 

index-based longevity swap should be significantly lower than its volatility relative 

to a population-based longevity swap. For starters, the system does not rely on the 

availability of a large set of empirical data on age-specific mortality rates, which is 

required for age-specific mortality models. This is especially important in areas 

where reliable transportation is scarce. 

2.2. Tunisian longevity risk indicators. 

 Tunisia, like many other countries, has experienced a profound change in the 

pyramid structure of its population. Life expectancy has increased rapidly over the 

past decades and is expected to continue. An increase in life expectancy is the most 

interesting indication, i.e. a longer pension period. In 2016, life expectancy was 

estimated at 74.5 years for men and 78.1% for women, while in the early 1960s it 

was estimated at 41.06 years for men and 43.01 for women. This continuous 

increase in the retirement period leads to an additional financial burden and inter-

generational income transfers in the distribution. The difference between the life 
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expectancy of the period 2017 and the life expectancy in 2016 shows that future 

improvements in life expectancies should have a slight evolution. On average, the 

15 years of improvements in mortality add 3.7 years to life expectancy for men and 

3.1 years for women.  The number of deceased population is becoming lower and 

lower, which in 1960 was almost 23 per 1000 inhabitants, that is to say, 2.3 per 

1000 which has become 5.5 per 1000 inhabitants, this number is very low 

compared to previous years. In 1985, there were 3100 public sector retirees; by 

2001, the number of retirees had increased at a very strong annual growth rate to 

91,822 retirees, while the number of active people increased to 541992, resulting in 

a rapidly decreasing dependency. 

3. Bayesian regression theory. 

Rdonez C, Garcia-Alvarado C, Baladandayuthapani, V (2014) have advanced 

Bayesian regression fashions. The authors introduce a database machine system to 

achieve data for whole information, after which they carry out a Bayesian 

regression. In addition, Ghosh J, Reiter JP, (2013) broaden Bayesian linear 

regression strategies primarily based totally on data from information subsets. 

Regression evaluation is a principal device in implemented data that targets to 

reply to the pervasive query of ways sure variables affect a sure outcome 

(structured variable). Bayesian regression seeks to version the connection among 

the unbiased or explanatory variables and the reaction variable via way of means of 

becoming a linear equation to the information. We intend to attain a first-rate 

version; it's miles the only version with an extraordinary explanatory predictive 



 
 

13 
 

power. Due to tendencies in information technology and the exponential boom of 

massive information in current years, statisticians have been confronted with 

new demanding situations inside the evaluation of massive information units. 

Bayes Theory provides us with a simple rule for updating probabilities when new 

information appears. Bayesian theory is the key result drive of Bayesian modeling 

and statistics: 

                    (2)                   

With S is a sample space, and B1, ..., BK, is a partition of S so that: Sk Bk = S and 

Bi TBj = ∅, and for any 1 ≤ k ≤ K . The probability of different effects given the 

observed data is calculated in a distribution of possible values for the parameters. , 

called posterior distribution. Renormalization then leads to the model weighted 

posterior distribution for any statistic θ: 

2K p (θ|y,X) = Xp (θ|Mγ,y,X) p (Mγ|X,y)                      (3) 

The model prior p (Mγ) has to be elicited by the researcher and should reflect prior 

beliefs. A popular choice is to set a uniform prior probability for each model p 

(Mγ) ∝ 1 to represent the lack of prior knowledge. The posterior value is 

proportional to the probability of the previous times, it is, therefore, equal to the 

probability x previous = C posterior x probability. Likelihood gives relative 

weights to all possible parameter values based on the probability that the observed 

value was given to each parameter value. 
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Subsequent simulations could use the Metropolis algorithm. Geman.S and 

Geman.D. (1984) talk about the optimization to locate the posterior mode in 

preference to simulation, and it took a little time for the Gibbs sampler to simulate 

the posterior distribution, therefore taking into account complete 

Bayesian inference. Some name the Gibbs sampler as growth in information. 

Metropolis and others (1953) invented the Markov Monte Carlo chain (MCMC), 

which simulated the dynamics of the liquid machine in equilibrium with its fuel 

line phase. The simplest had to simulate a Markov chain having an identical 

equilibrium distribution. The Markov chains via a standard direction on stochastic 

strategies have typically the simplest visible examples in which the kingdom area 

is finite or countable. Subsequent simulations may want to use the Metropolis 

algorithm. Geman.S and Geman.D. (1984) talks approximately the optimization to 

discover the posterior mode in choice to simulation. It took a little time for the 

Gibbs sampler to simulate the posterior distribution, therefore taking into account 

the complete Bayesian inference. Some name the Gibbs sampler a growth in 

information. Metropolis and others (1953) invented the Markov Monte Carlo chain 

(MCMC), which simulated the dynamics of the liquid system in equilibrium with 

its gas line phase. They handiest needed to manufacture a Markov chain having the 

same equilibrium distribution. The Markov chains thru a fashionable path on 

stochastic techniques generally have the handiest seen examples wherein the 

dominion vicinity is finite or countable. If the dominion vicinity is finite and 

written, then the initial distribution can be associated with a vector λ = (λ1, ..., λn) 

described in via manner way of:  
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Pr(X1 = xi) = λi       (4 

With, i = 1, ..., n. The transition probabilities can be associated with a matrix P 

having elements pij defined by: 

Pr(Xn+1 = xj | Xn = xi) = p    (5) 

When the state area is infinitely countable, we can think about a vector and an 

infinite matrix. However most of the Markov chains of interest in MCMC have 

unnumbered state space, then we tend to cannot consider the initial distribution as 

a vector or the transition chance distribution as a matrix. We have to think of them 

as an unconditional probability distribution and a conditional probability 

distribution. We will use multiple R diagnostic plots and influence statistics to 

diagnose however well our model works the data. We will eliminate an outlier to 

ascertain how it changes the fit of the model. These diagnoses embrace Residues 

vs adjusted values. 

4. The results 

The paper intends to take a look at and implement Bayesian regression models on 

different datasets. The aim of Bayesian linear regression is not continually to 

discover the quality and precise fee of the model parameters, however, is a 

substitute to determine the posterior distribution of the model parameters. 

This provides a Bayesian assessment for comparisons with beyond distributions. 

We consider Y (Public retirement balance) as a dependent variable and X 
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(especially the longevity risk) the nodependent variable, usually, the question of 

interest is how we are able to assume Y based mostly on X?  

gnwslfosf sfm  pnt smnmfman  nwnoS:  

  : There is no relationship between the public retirement and the longevity risk, 

in the level of signification 0.05. 

  : There is a relationship between the public retirement and the longevity risk, in 

the level of signification 0.05. 

The dataset describes the financial equilibrium of the overall public pension 

machine in Tunisia, as well as several precise elements, which consist of 

durability, and earnings growth… The records include 18 variables; which means 

we can have 262144 combos of models.  

In our case, our whole model will embody 18 variables that are probably critical 

in predicting the financial balance of public retirement as indicated in table 1:   

 Table 1: The variables of the Bayesian regression model 

Variables Descriptions 

Longevity                 This variable considers mortality rates and years of retirement. 

Retirement years The years of survival after retirement. 

Salary Increasing After the agreement between the UGTT and the public organization. 

Annuity rate  The pension liquidation rate is applied on the reference salary. 

Pensions A financial reward upon retirement after a period of contribution. 

Expenses The overall amount of pensions paid to retirees. 
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Retirees number Number of retirees receiving pensions during survival after retirement. 

Retirees deaths Number of retirees who died after retirement in year t. 

New retirees Number of new retirees members in year t. 

New affiliates  Number of new retirees receiving pensions in year t. 

Affiliates Deaths  Number of affiliates who died in activity in year t. 

Affiliates number General number of affiliates at the end of the year t 

Salary average The average of s wages served to the affiliates during the year t. 

Employees General number of affiliates at the end of the year t. 

Contribution rate The sum of the affiliate and the employer contribution rate. 

Service Years The average number of years of affiliate careers at time t. 

 Cash flows  The total amount of contributions paid into the fund      

For robustness take a look at primarily based totally on eligibility for CNRPS 

records reviews from 2001 to 2017, I did many calculations to get the very last 

records. Table 2 suggests precis information for the running records. Columns 2 to 

six offer a range of observations, minimum, maximum, and well-known deviation. 

We must notice that we have 6 missed observations of sturdiness variables. 

Table 2. Descriptive statics 

Variables Observations Minimum Maximum Mean Std. Deviation 

Longevity                     11 65 66 65.27273 0.467099 

Retirement-years      17 8 10 9.35294 0.606339 

Salary added                  17 19 70 41.52941 19.33623 

Annuity-rate            17 0.654 0.7283 0.700312 0.024427 

Pensions                       17 351 1174 701.4118 250.4955 

Expenses                       17 592 4275 1802.294 1108.757 
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Retirees-number           17 96218 246011 159703 47584.45 

Death-retirees            17 2096 4580 3089.059 765.209 

New-retirees                  17 6906 20737 13267.41 4001.158 

New-affiliates            17 20873 47243 30690.06 8371.519 

Affiliates-number           17 541992 782304 655735.2 82895.5 

Salary-average           17 0.62687 1.7917 1.11765 0.332106 

Employees-number              17 541992 782304 655735.2 82895.5 

Contribution-number    17 0.142 0.207 0.179059 0.028453 

Service-years                17 28 32 30 1.224745 

Financial balance 17 -793 79 -127.588 208.6999 

The estimation model is very complex and it is based on different techniques such 

as likelihood, general estimation equations, or Bayesian methods. Bayesian models 

offer, in some cases, the only way to obtain a reasonable estimate of model 

parameters, due to the possibility of including prior knowledge of these 

parameters.  

4.1. Estimated coefficient and Residual analysis. 

The perfect used model in this search is the Bayesian regression, to build a good 

predictive model. We can see that the residuals show a distribution close to normal 

with a straight bias with a median of -2.658e-14. When evaluating the adequacy of 

the model with the data, we must look for asymmetrical distribution between these 

points on the mean value of zero (0). In our example, we can see that the 

distribution of the residuals does not seem strongly symmetrical. 

Table 3. The data frame of the Residuals 
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       Min                          1Q                Median                 3Q                    Max  

-1.90E-12 -1.65E-13 -2.66E-14 1.32E-13 1.48E-12 

The best way to obtain Bayesian estimates of parameters is the sample from the 

posterior with a Markov chain Monte Carlo. Theoretically, if we wanted to predict 

the impact of longevity on the financial equilibrium of public retirement, we would 

produce estimates of the coefficients, and then use them in the formula of the 

model. The dependent variable is essentially the financial equilibrium of public 

retirement; it was only 2.823E-11. There is an inverse relationship between 

longevity and the financial balance, which indicates a result of -4.039E-13 as in 

table 4 below. 

 

Table 4. Coefficients estimated  

                                         Estimate Std.Error t value Pr(>|t|) 

(Intercept)                  2.82E-11 1.05E-11 2.70E+00  0.00846 **  

Longevity                     -4.04E-13 1.19E-13 -3.41E+00  0.00103 **  

Retirement-years      2.52E-14 1.14E-14 2.22E+00   0.02941 *   

Salary-added                  -5.13E-13 1.70E-13 -3.03E+00  0.00330 **  

Annuity-rate            -3.64E-13 1.24E-13 -2.93E+00 0.00445 **  

Pensions                       7.71E-15 2.42E-15 3.18E+00 0.00208 **  

Expenses                       -1.00E+00 1.51E-16 -6.63E+15  < 2e-16 *** 

Retirees-number           -2.16E-12 1.42E-12 -1.52E+00 0.133 

Death-retirees            -2.16E-12 1.42E-12 -1.52E+00 0.133 

New-retirees                  2.16E-12 1.42E-12 1.52E+00 0.13299 
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New-affiliates            -6.22E-14 1.27E-13 -4.92E-01 0.62431 

Death-affiliates         6.23E-14 1.27E-13 4.93E-01 0.6236 

Affiliates -number           -6.22E-14 1.27E-13 -4.92E-01 0.62432 

Salary-average           -1.31E-15 1.68E-15 -7.80E-01 0.43774 

Employees-number              6.22E-14 1.27E-13 4.92E-01 0.62432 

Contribution-number    -2.62E-12 9.59E-12 -2.73E-01 0.7857 

Service-years                -4.81E-15 6.62E-14 -7.30E-02 0.94223 

Income                            1.00E+00 4.49E-15 2.23E+14 < 2e-16 *** 

In general, a p-value of 5% or less is a good sign for this model. The null 

hypothesis: H0:  β1= 0, which means that the hypothesis of no relationship 

between longevity and financial balance was rejected. Alternatively, the 

hypothesis: H1:  β1≠ 0, which concludes some relationship between the longevity 

and the financial balance. The significance level of the p-value is less than 0.05, in 

our case the value p, concerning longevity is only 0.00103, which shows 

some relationship between equilibrium and longevity.  Therefore, we reject the null 

hypothesis and we conclude the hypothesis: H1:  β_1≠ 0 that it exists some 

significant relationship between the longevity and financial balance.  

In general, t values are also used to calculate p values, the t-test statistic determines 

the correlation between the response and the predictor variables. We can use the t-

test to find that the p-value that corresponds to the t-value of -3.41is 0.00103. since 

this p-value is less than 0.05, so we confirm that it exists some relationship 

between the longevity risk and the financial balance. 
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The squared statistic R2 provides a measure of how well the model fits the actual 

data. It takes the form of a proportion of variance. R2 is a measure of the 

relationship between the predictor variable (financial balance) and the response 

(longevity). In our search, the R2 is one. On the other hand, about 100% of the 

response variable (financial balance) is explained by the predictor variable 

(longevity). The three stars of "signify. Codes" represent a very significant relation. 

The most significant variables are the cash flows and the expenses, which directly 

affect the financial balance of the Tunisian public retirement. Then we find the 

other signs of two stars like longevity, pension, salary increase, and 

pension annuity rate. Finally, we find a single star; that means the variable has a 

weak effect on the retirement equilibrium, like the years of retirement. 

The residuals are essentially the difference between the observed real response 

values (the financial balance or equilibrium) and the prediction values by the 

model. The expected vs actual values after fitting regression in R plots predicted 

values versus actual values contain two axes: the X-axis shows the model's 

predicted values under BMA, while the y-axis shows the data set's residual values. 

In the Residual chart, the random point in the red line should be flat. It should not 

increase or decrease as the fitted values increase. this condition needs to be 

avoided, especially for the P-value is greater than the significance level. It means 

the residuals should be zero. 



 
 

22 
 

   

 

  

Graph 1. The residuals charts. 

The top left residual vs fitted plot indicates that the random points in the red line 

are not flat, they increased slightly and they decreased slightly. It is not grave, 

because we had a p-value smaller than the significant level of 0.05 it was only 

0.00103. The top right normal Q-Q plot is to make sure that the residual follows a 

normal distribution. We have a good residuals distribution because the random 

points fall perfectly on the diagonal line, it is clear that the residuals were normally 

distributed. The scale location plot on the bottom left is used to measure the square 

root of the standardized residuals against the fitted value. Therefore, for the points 

on the regression line, the value of y should be close to zero. The plot indicated 
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that the line regression is flat in one and is not too close to zero. On the bottom, is a 

right plot of standardized residuals against the advantage that measures how much 

each data point influences the regression.?  

After running the full model with all the variables involved, we got an adjusted R² 

of 1, this is an optimal fitted R², which means that we cannot improve the model. 

The posterior probability that longevity is included in the model is 0.09277115. 

Furthermore, the most probable model, which has a posterior probability of 0.2923, 

includes an interception, years of retirement, salary increase, annuity rate, pension, 

expenses, number of retirees and members...  

4.2. Performing the models 

One of the main advantages of Bayesian methods is that posterior inference is quite 

straightforward using MCMC output since the methods provide direct samples of 

parameters of interest. We can also provide 95% credible intervals for these 

coefficients. 

Table 5. The indicator parameters of the Bayesian regression model. 

                                              2.50 % 97.50 % Beta 

(Intercept) -1.31E+03 -1.31E+03 -1.31E+03 

Longevity -6.71E-06 9.03E-06 9.86E-04 

Retirement-years -4.83E-07 4.54E-07 -1.62E-13 

Salary added -6.70E-06 7.53E-06 4.63E-12 

Annuity-rate -2.20E-06 3.51E-06 2.43E-06 

Pensions -9.63E-08 1.08E-07 -8.10E-06 

Expenses -1.000000e+00 -1.00E+00 -1.9999844 
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Retirees-number -5.41E-10 1.05E-09 -1.85E-06 

Death-retirees 0.00E+00 0.00E+00 8.06E-07 

New-retirees 0.00E+00 0.00E+00 -1.14E-09 

New-affiliates -5.95E-10 6.86E-10 -3.14E-09 

Death-affiliates -1.02E-08 2.33E-08 5.46E-13 

Affiliates number -3.79E-11 3.58E-11 5.24E-10 

Salary-average -5.22E-08 6.16E-08 9.40E-06 

Employees-number -9.43E-11 7.20E-11 4.07E-09 

Contribution-number -2.15E-04 1.829465e-04 1.45E-02 

Service-years -1.95E-06 1.91E-06 7.64E-05 

Income 1.00E+00 1.00E+00 1.00E+00 

 

By comparing the coefficients of the best model with those of the full model, we 

see that the 95% credible interval for the longevity variable is the same. We 

believe there is a 95% chance that the longevity score increases from 0.00000903 

to 0.000986. The expenses have a larger effect where we believe that there is a 

95% chance to increase from -1 to -2.  

4.3.  Robustness and prediction of the models using MCMC. 

A posterior probability, in Bayesian regression, is the updated probability of the 

prior probability calculated. The posterior mean of the Intercept 𝛽0 is now the 

sample mean of the response variable 𝑌 financial balance. We use the subset 

argument to plot only the coefficients of the predictors. The color of each column 

is proportional to the logarithm of the log posterior probability. Patterns of the 
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same colors have similar posterior probabilities. In our case, we have 14 models as 

mentioned in the X-axis of the possible models in the graph below.  

.  

Graph 2. Log posterior probability. 

The red variables in this plot are essentially the revenues, expenses, and pensions, 

which directly affect the financial balance of the Tunisian public pension. The 

excluded variables from a model are shown in black for each column, while 

included variables are colored, the color is related to the logarithm of the posterior 

probability. The logarithms of the posterior probabilities are scaled so that the 0 

corresponds to the lowest probability model among the first ones so that the values 

on the axis correspond to the log Bayes factors to compare each model to the other 

model.
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5. Conclusion 

We have concluded in this paper that the impact of longevity risk on the financial 

equilibrium of public pensions is slightly negative using the Bayesian regression 

model. The simulations developed to lead to the following main conclusion: the 

pension system, as currently defined, has been affected by demographic structural 

change, especially longevity risk, but it will become more significant in the coming 

years.  Given the country's specific social, economic, and demographic parameters, 

the Tunisian authorities have envisaged several types of parametric and structural 

reforms to reduce these losses. As we can see, these reforms have not changed the 

financial situation of the pension fund.  

The pension fund cannot reach financial equilibrium in the case of longevity risk 

and the generosity of the pension system. Moreover, the adjustment of 

contributions proposed by the government and experts may lead to a severe 

economic and social crisis. If the legislation remains unchanged, this financial 

situation will require the implementation of certain reform measures, otherwise, it 

will become even more dangerous in the medium and long term and the public 

pension system will no longer be able to pay the pensions of future retirees. 

This financial imbalance, which continues to grow year by year, requires urgent 

government intervention to reduce budgetary losses and ensure the sustainability of 

the plans. Maintaining the same parameter values (replacement rate, contribution 

duration, contribution rate ...) will inevitably lead to a budget loss. 
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We propose such parametric reforms, first, increasing the collected contributions 

with a decrease in the pension level, increasing the retirement age, decreasing the 

pension rate, and decreasing the reference salary and pension rate. We have 

another proposal for structural reform by introducing a second capitalist pension 

system leading to a mixed pay-as-you-go pension system. 
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